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Abstract
The Seiberg-Witten analysis of the low-energy effective action of d = 4 N = 2
SYM theories reveals the relation between the Donaldson and Seiberg-Witten (SW)
monopole invariants. Here we apply analogous reasoning to d = 3 N = 4 the-
ories and propose a general relationship between Rozansky-Witten (RW) and 3-
dimensional Abelian monopole invariants. In particular, we deduce the equality
of the SU(2) Casson invariant and the 3-dimensional SW invariant (this includes
a special case of the Meng-Taubes theorem relating the SW invariant to Milnor
torsion). Since there are only a finite number of basic RW invariants of a given
degree, many different topological field theories can be used to represent essentially
the same topological invariant. This leads us to advocate using higher rank Abelian
gauge theories to shed light on the higher (non-Abelian) RW invariants and we write
down candidate higher rank SW equations.
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1 Introduction
Quite a few years ago Witten showed how Donaldson theory finds a natural place in the
context of quantum field theory [1]. Formal developments soon uncovered the position
of other theories in this pantheon (see e.g. [2] for a review).
After Seiberg and Witten solved the N = 2 supersymmetric Yang-Mills theory in 4
dimensions [3] the full force of quantum field theory techniques was brought to bear
on various mathematical theories. Perhaps the most celebrated result is the (still to be
fully established) equivalence of the 4-dimensional Seiberg-Witten monopole invariants
[4] and the Donaldson invariants.
The purpose of this paper is to apply analogous reasoning to 3-dimensional supersym-
metric gauge theories and their associated invariants. The relationship between the 4-
and the 3-dimensional theories has been analysed in great detail in [5]. We stay firmly
in 3 dimensions.
One of our motivations was to understand a theorem of Meng and Taubes from a physics
point of view. Their theorem equates the Seiberg-Witten invariants of a 3-manifold M
with its Milnor torsion, providing b1(M) ≥ 1 [6]. On the other hand it is known that
the Casson invariant with the same homological constraint on M is given in terms of
the Alexander polynomial of M [7]. The relationship between Milnor torsion and the
1
Alexander polynomial [8] means that the Seiberg-Witten invariant equals the Casson
invariant (for b1 ≥ 1). Why should this be so? Amongst other things we answer this
question.
We focus on N = 4 supersymmetric Yang-Mills theories with gauge group G and com-
bine the following well known facts about these theories:
1. The Coulomb branch of any N = 4 SYM theory in 3 dimensions is a (possibly
singular) hyper-Ka¨hler manifold [9].
2. Topologically twisting the low-energy description of this theory one obtains the
perturbative Rozansky-Witten [10] (or generalized Casson) invariants.
3. Topologically twisting the microscopic theory instead, one obtains a topological
field theory with two topological charges, NT = 2, modelling the de Rham complex
and formally calculating an Euler characteristic of some gauge theory moduli space
[11, 12, 13, 14].
The two topological field theories, the one calculating the Euler characteristic and the
other yielding perturbative invariants, arise on twists of the same physical theory albeit
at different energy scales. Since the topological theory should not care what scale one is
working at one immediately arrives at the equality of the two types of topological field
theories. This is the same reasoning that one uses to establish that the Seiberg-Witten
invariants on a 4-manifold are equivalent to the Donaldson polynomial invariants.
The paradigm then is that the topological invariants that arise from twisting the original
gauge theory match the topological invariants that arise on twisting the low energy
effective theory.
In 3 dimensions, this reasoning leads to non-trivial results even in the case that the gauge
group of the microscopic theory is Abelian. Indeed, as we will see below, applying this
reasoning to the N = 4 U(1) theory with Nf = 1 hypermultiplet yields the equivalence
of the 3-dimensional version of the Seiberg-Witten monopole invariants and the Casson
(actually Casson-Lescop-Walker) invariant, not just for b1 ≥ 1 (this is part of the content
of the Meng-Taubes theorem) but also for the (mathematically much more subtle) case
b1 = 0.
But this is just the first in a whole hierarchy of observations one can deduce in this
way. The crucial additional input is the fact that, denoting the hyper-Ka¨hler manifold
apapearing as the target space of the Rozanzky-Witten sigma model byX, dimRX = 4n,
2
4. there are only a finite number of independent perturbative1 invariants for each n.
For example the number of independent perturbative invariants for n = 1, 2, 3, 4,
are 1, 1, 1, 2.
Combining these facts one realises that many (possibly infinitely many) different gauge
theoretic moduli spaces have Euler characteristics which (as functions of the 3-manifold)
are linearly dependent.
The main mystery of the perturbative invariants is their relationship to data of the
3-manifold. The Rozansky-Witten viewpoint provides a resolution to this dilemma as
it relates generalized Casson invariants to the perturbative invariants. The Casson
invariants are tied to pi1(M) and so the finite type invariants must also know about the
fundamental group. However, our point of view is that the Rozansky-Witten approach
offers a plethora of different moduli space interpretations of the finite type invariants.
Ultimately, it may well be that the most interesting information is the relationship
to the fundamental group of M . Nevertheless, the availability of the many different
representations of the invariants offers computational power. One general conclusion is
that it is worthwhile to try to simplify the situation as much as possible. The Seiberg-
Witten invariants on a 4-manifold are analytically more tractable than the Donaldson
invariants. Likewise, rather than studying the SU(n) Casson invariants directly, it may
well be profitable to look at the associated Abelian Seiberg-Witten equations. We take
a preliminary look at such equations in section 3.2.
There remains a mystery, however. Why do all the gauge theoretic moduli spaces lead
to perturbative, presumably finite type, invariants?
2 The Casson, RW and SW Invariants
In this section we make use of the identification of the various topological field theories to
relate their associated topological invariants. We concentrate on those theories which
have as their Coulomb branch moduli space some 4-dimensional hyper-Ka¨hler space.
Given a hyper-Ka¨hler manifold X of real dimension 4 the associated Rozansky-Witten
invariant for a 3-manifold M is, in the notation of [15],
ZRWX [M ] = e(X)λ(M), (2.1)
1In the following we refer to the Rozansky-Witten invariants as perturbative or finite type invariants.
However, that the RW invariants are of finite type has not been rigorously established even though there
is a lot of evidence in favour of this. All we really need is that there are a finite number of RW invariants
at any order in perturbation theory and this is obviously true.
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where e(X) is the integral of the Euler class2 of X and λ(M) is the suitably normalised
Casson-Lescop-Walker invariant [16], [7] (which extends the Casson invariant, originally
defined for integral homology spheres, to all 3-manifolds).
By the discussion in the Introduction we learn that any N = 4 theory with a 4-
dimensional Coulomb branch yields (upon twisting) a topological invariant proportional
to the Casson invariant. This includes gauge theories with group U(1) and any number
of charged hypermultiplets or the gauge group SU(2) and any number of fundamental
hypermultiplets. In the list of such theories one possibly also has examples with com-
pact Coulomb branches, obtained via toroidal dimensional reduction [17]. As the only
perturbative invariant available is the Casson invariant, the Rozansky-Witten invariants
associated to all of these theories are proportional to the Casson invariant.
In turn this means that the wildly different moduli spaces associated with the gauge
theories all have Euler characteristic proportional to the Casson invariant, the pro-
portionality factor being e(X). For example the U(1) gauge theory with one charged
hypermultiplet, when twisted, yields the topological field theory corresponding to the
3-dimensional Seiberg-Witten equations. The pure SU(2) theory yields the Casson in-
variant [10], while the SU(2) theory with one hypermultiplet is the topological field
theory for the SU(2) Seiberg-Witten monopole moduli space. We take a look at all of
these spaces next.
2.1 The Casson and the RW Invariants
The starting physical theory is the pure N = 4 supersymmetric SU(2) gauge theory. It
has been argued that this theory, when twisted, calculates the Casson invariant (this es-
sentially goes back to Taubes’ gauge theoretic interpretation of the Casson invariant [18]
which was given a topological field theory interpretation in [19] subsequently elaborated
upon in [11]). On the other hand the low energy effective theory has as its moduli space
the Atiyah-Hitchin manifold XAH [9], which is the SU(2) 2-monopole moduli space. It
is known that
e(XAH) = 1, (2.2)
and so the Rozansky-Witten (2.1) invariant in this case really is equal to the Casson
invariant, as it should be!
2Note that for X non-compact this is not necessarily the Euler characteristic.
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2.2 The Seiberg-Witten and the RW Invariants
Consider a N = 4, U(1), supersymmetric gauge theory with Nf = 1 hypermultiplets.
Seiberg and Witten have shown that the moduli space is the Taub-Nut hyper-Ka¨hler
manifold XTN [9]. If we now twist this theory we obtain a supersymmetric sigma model
with target space XTN . The integral of the Euler class of the Taub-Nut is
e(XTN ) = 1. (2.3)
The Rozansky-Witten invariant is therefore once more equal to the Casson invariant.
On the other hand, as we will now see, the topological invariant associated with the mi-
croscopic theory counts solutions to the 3-dimensional Abelian Seiberg-Witten monopole
equations.
The gauge theory setting is that of N = 4 supersymmetric Yang-Mills theory with
gauge group U(1) equipped with a charged hypermultiplet. The N = 4 theory is most
usefully regarded as the dimensional reduction of the six-dimensional N = 1 theory to 3
dimensions. This exhibits the R-symmetry group SU(2)R×SU(2)N of the 3-dimensional
theory, SU(2)R being the R-symmetry group of the six-dimensional theory and SU(2)N
the rotation group in the ‘internal’ 3 dimensions.
The fields in the charged hypermultiplet transform as
Bosons : (2, 1, 1)±, Fermions : (1, 2, 2)±, (2.4)
under SU(2)R×SU(2)N×SU(2)E×U(1) where SU(2)E is the space-time Lorentz group
(for a more careful discussion of R-symmetry groups in the Euclidean versus Lorentzian
theories and their twists see [20] - we will not have to worry about these issues here).
Now what theory do we have if we twist the model directly without passing to the low
energy theory? Twisting in this case means that we consider the diagonal, SU(2)E′ of
SU(2)R × SU(2)E to be the new Lorentz group. From (2.4) we see that after twisting
the field content transforms as
Bosons : (1, 2)±, Fermions : (2, 2)±, (2.5)
under SU(2)N × SU(2)E′ × U(1). This, together with the twisted vector multiplet, is
precisely the field content of the topological theory corresponding to the 3-dimensional
Seiberg-Witten equations and twisting the supersymmetric action leads us directly to
the action for the topological theory [21, 23, 22].
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Denoting the gauge field by A, its field strength by F , and the (commuting) spinor field
arising from the twisted hypermultiplet by M , the 3-dimensional SW equations are
Fµν = −
i
2MσµνM (2.6)
D/ (A)M = 0 . (2.7)
(We will occasionally write the first equation more compactly as FA = ∗MγM .)
In this way we have established that the physics of N = 4 gauge theories in 3 dimensions
predicts
SW (M) = λ(M). (2.8)
2.3 Evidence in Favour of SW = Casson
There is abundant evidence in the mathematics literature that supports this claim.
Meng and Taubes have shown that for b1(M) ≥ 1
SW(M, ti) = τ(M, ti) (2.9)
where τ(M, ti) is the Milnor torsion ofM while the SW series SW(M, ti) ofM is defined
e.g. in [6, 5]. As a special case, the only one we will actually need, we have
SW(M) = τ(M, 1), (2.10)
where SW(M) = SW(M, ti = 1) and τ(M, 1) = τ(M, ti = 1). For b1(M) > 1 one has
τ(M, ti) = ∆M (ti), (2.11)
where ∆M(ti) is the Alexander polynomial of M , symmetrized in t and t
−1. Lescop [7]
has shown for b1(M) > 1 that λ(M) = ∆M (ti = 1). Consequently, for M such that
b1(M) > 1
SW(M) = λ(M). (2.12)
For b1(M) = 1 the relationship between the Milnor Torsion and the Alexander polyno-
mial is [8]
τ(M, t) =
t∆M(t)
(1− t)2
. (2.13)
The right hand side expanded about t = 1,
t
(1− t)2
∆M(1) +
t
2
∆
(2)
M (1) + . . . (2.14)
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is singular as t→ 1 and so must be suitably interpreted. Note that
1
(1− t)2
=
d
dt
1
(1− t)
=
d
dt
∞∑
n=0
tn =
∞∑
n=1
ntn−1 (2.15)
which, as t→ 1, goes over to
lim
s→−1
∑
n
n−s = ζ(−1) = −
1
12
. (2.16)
The regularised form of the limit is then
τ(M, 1) = −
1
12
∆M (1) +
1
2
∆
(2)
M (1), (2.17)
which agrees, once more, with the result found by Lescop for the Casson invariant.
The most important case is when b1(M) = 0, i.e. when M is a rational homology 3-
sphere. It has been shown that for integral homology spheres the SW invariant equals
the Casson invariant [24]. This is conjectured to be the case also for rational homology
spheres and there is considerable evidence for this [27].
Actually there is a subtlety here. The Seiberg-Witten equations are defined with some
perturbation. For M a rational homology sphere one deforms the equations to
FA = ∗MγM + dν (2.18)
where ν is a 1-form on M . With this choice of perturbation there is a choice of metric
such that the reducible solution set (A,M) = (ν, 0) is isolated from the irreducible
solutions (which themselves form a finite set). The problem is that this split is not so
clean. As one varies the metric and the perturbation, some of the irreducible points
may collide with the reducible solution, or some irreducible points may bubble off from
the reducible solution. This means that the count of the signed sum of the irreducible
points is not an invariant. On the other hand the ‘total’ path integral is formally metric
and perturbation invariant. The problem seems to have arisen because we have ‘excised’
the reducible.
So the path integral may well be defined to count the reducible point (in some fashion,
depending on the metric and on the perturbation) together with a signed sum of the
irreducible points. The usual BRST argument suggests that one can change the metric
and perturbation at will, providing the solution set remains finite. In this case extra
solutions to the Dirac equation may appear at the reducible as one varies the parameters
and a correction term is required to compensate the dissapearance of solutions away from
the reducible.
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There is a choice for the contribution of the reducible connection in terms of η-invariants
(see e.g. [25, 24, 26]),
1
2
η(D/ ν) +
1
8
η(∗d − d∗) (2.19)
which is known to ensure that the total contribution yields the Casson invariant for
integral homology 3-spheres. The same contribution is conjectured to be correct for
rational homology 3-spheres as well and there is some evidence to support this [27].
Note incidentally that for rational homology spheres admitting a metric of positive
scalar curvature (e.g. Lens spaces) the above correction term is the only contribution to
the SW invariants as there are no non-trivial solutions to the SW monopole equations
in this case.
It is interesting to note that the Rozansky-Witten invariant is affected by an analogous
‘correction’ term. In this case the ambiguity amounts to a choice of 2-framing of M .
That choice must be fixed for the invariant to coincide with λ(M).
2.4 The SU(2) Theory with Hypermultiplets
Seiberg and Witten also studied the SU(2) supersymmetric theory with Nf hypermulti-
plets in the fundamental representation [9]. The Coulomb branch moduli space depends
on Nf . They give quite a complete description of the spaces involved:
1. For Nf = 1 the space is X˜AH , the double cover of XAH .
2. For Nf = 2 the space is topologically and metrically
(
R
3 × S1
)
/Z2.
3. For Nf > 2 they are ALE spaces with a DNf singularity, C
2/ΓNf−2.
For Nf ≥ 2 one should perhaps resolve the singularities and this can be achieved by
adding bare mass terms to the hypermultiplets. The corresponding Rozansky-Witten
invariants are
1. Nf = 1: 2λ(M) .
2. Nf = 2: 0 .
3. Nf > 2:
(
2Nf − 1−
1
4(Nf−2)
)
λ(M).
We now need to see what moduli space one gets on the gauge theory side. The reader
will not be too surprised to learn that the moduli space of the topological gauge theory is
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that of non-Abelian monopoles. Non-Abelian monopole equations have been studied in
4 dimensions [29] and one may just as well consider them in 3 dimensions. Let S denote
the spin bundle and Ei be complex vector bundles associated to a principal G-bundle
via the representations Ri. Let Mi be sections of S ⊗ Ei. The monopole equations are
F aA = ∗
Nf∑
i=1
M iγT
a
i Mi, D/ AMi = 0, (2.20)
where T ai are the generators of the Lie algebra of G in the representation Ri. G = SU(2),
rank(E) = 2 and Nf = 1 is the case most studied in 4 dimensions. The situation with
bare mass terms for the hypermultiplet included has also been considered in that context.
The claim now is that the Euler characteristic of the non-Abelian SU(2) monopole
equations (2.20) (suitably perturbed) equals the multiple of the Casson invariant listed
above.
3 Higher Rank Seiberg-Witten Invariants
We have, so far, only concentrated on theories which are proportional to the usual
Casson invariant or, equivalently, to those which have a 4-dimensional Coulomb branch
moduli space. Considering a group of larger rank or adding matter content in other
representations (for example the adjoint representation) leads to a higher dimensional
hyper-Ka¨hler space. From the Rozansky-Witten side this means that the invariant being
probed is a higher order RW invariant.
In order to see the higher order RW invariants certain integrals of products of the
Riemann curvature tensor on the hyper-Ka¨hler space must be non-zero. Roughly one
has a dependence of the type (see equation (10.17) in [15])
λkX(M) = Bi(X)λ
k
i (M) + . . . , (3.1)
where λki (M) is the 3-manifold dependence of the i-th RW invariant of order k, Bi(X)
is the dependence on the hyper-Ka¨hler manifold (it also depends on b1(M)) and the
ellipses denote dependence on products of lower order RW invariants. For b1(M) > 1
one only needs e(X) 6= 0
λkX(M) = e(X) (λ(M))
k (3.2)
and the ellipses in (3.1) are zero. For b1(M) = 1 one finds that the invariant is [15]
λkX(M) =
∫
X
Aˆ(X)
n∏
i=1
∆M (e
xi), (3.3)
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where the xi are the eigenvalues of the curvature 2-form of the holomorphic tangent
bundle. Expanding the Aˆ-genus and ∆M in terms of the xi and keeping only the
top-form components, one finds an expression of the form (3.1). The dependence on
the 3-manifold is through classical invariants and the dependence on the hyper-Ka¨hler
manifold is through characteristic classes.
The case of b1(M) = 0 is quite different. The dependence on the hyper-Ka¨hler manifold
is not just through characteristic classes of the holomorphic tangent bundle [15] but
has a rather more subtle dependence on the curvature tensor [28]. Also the dependence
on the 3-manifold is not through classical invariants, which is just as well as otherwise
there would be nothing new here.
The upshot is that one will have to make judicious choices of the content of the gauge
theory to ‘see’ the higher order invariants. It is believed that the pure SU(n), N = 4
theories have Coulomb branches which probe some of these invariants.
Incidentally these observations in a sense go both ways. If, for some reason, the 3-
manifold invariants in question are known, then one can use the above reasoning to
obtain some information on the curvature integrals Bi(X) of hyper-Ka¨hler manifolds
instead.
For example, ‘higher knowledge’ from 4-dimensions suggests (at least for large enough
b1(M)) that the Casson invariant should equal the invariant that one obtains from
the dimensional reduction of the theory describing the 4-dimensional Seiberg-Witten
equations. The reduced theory is that for the 3-dimensional Seiberg-Witten equations.
We would deduce, therefore, that e(XTN ) = 1. That the reduced invariants come
out right has been shown by Marin˜o and Moore [5]. Similarly the reduction of the
Donaldson theory itself must yield the Casson invariant and so we find e(XAH) = 1.
Happily both ‘predictions’ hold and the circle of ideas could have led us to predict that
e(XTN ) = e(XAH).
Perhaps reasoning of this type in other settings, in particular for b1(M) ≥ 1 where the
RW invariants are classical 3-manifold invariants, could be used to garner information
about curvature integrals on other hyper-Ka¨hler manifolds.
3.1 b1(M) ≥ 1 and Implications of the Theorem of Meng and Taubes
We start by exploring the higher order RW invariants for 3-manifolds with b1(M) ≥ 1.
We can rewrite the Rozansky-Witten expression for any M with b1(M) ≥ 1 in the
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following compact form ∫
X
n∏
i=1
x2i τ(M,e
xi). (3.4)
This makes sense: for b1(M) ≥ 2, the relationship between the Milnor torsion and
the Alexander polynomial (2.11) and the fact that ∆(M, tj) is regular as the tj → 1
guarantees that (3.4) becomes (3.2), while for b1(M) = 1 one makes use of (2.13) to
show that (3.4) becomes (3.3).
Let us now consider some N = 4 gauge theory and the topological twist of this micro-
scopic theory. We can refer to all of the equations that one arrives at on the topological
gauge theory side as generalized Seiberg-Witten equations. This includes equations that
may not involve any matter fields at all (as for the Casson invariant and its general-
izations). Let SWG denote the invariant obtained from the generalized Seiberg-Witten
equations (formally, as mentioned before, this is the signed sum [11, 14] of Euler char-
acteristics of the solution space).
Now consider the low-energy description of this theory, in terms of a supersymmetric
sigma model with target space the hyper-Ka¨hler Coulomb branch X. Equating the
generalized SW invariant and the RW invariant we thus arrive at the
Conjecture: For a connected, compact, closed oriented 3-manifold, M, with b1(M) ≥ 1,
the generalized Seiberg-Witten invariant is
SWG(M) =
∫
X
n∏
i=1
x2i τ(M,e
xi). (3.5)
Put another way: The generalized Seiberg-Witten invariants are given entirely in terms
of Milnor Torsion. But by the Meng-Taubes theorem this means that they are de-
termined by the Abelian SW invariant SW(t). Consequently, it appears that neither
the generalised SW nor the Casson type invariants shed new light on 3-manifolds with
b1 ≥ 1.
3.2 b1(M) = 0 and Abelian Higher Rank Seiberg-Witten Invariants
We have seen above that the only real case of interest for the types of invariants we have
been considering is the notoriously subtle case of rational homology spheres, b1(M) = 0.
Since there is only one new perturbative invariant for n = 2 (and also for n = 3) all
theories with an 8 (12) dimensional Coulomb branch yield essentially the same invariant
(ignoring lower order invariants). The 3 (4) -monopole SU(2) moduli space is believed
to correspond to the SU(3) (SU(4)) Casson invariant.
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However, Abelian theories are usually easier to get a handle on than non-Abelian ones.
It is thus reasonable to try to probe the higher order Rozansky-Witten invariants for
rational homology spheres with N = 4 U(1)r gauge theories coupled to various charged
hypermultiplets. We will simply refer to the gauge theoretic equations that the topo-
logical field theory leads to as Abelian Seiberg-Witten equations.
To lead to ‘useful’ generalizations of the standard SW equations, these theories should
satisfy the following three conditions:
1. First of all, the resulting SW equations should not be equivalent to a set of r
decoupled ordinary SW equations, as in that case one would only probe the already
well known term ∼ e(X)λ(M)r in the expansion of the RW invariant.
2. Alternatively and equivalently, the matter content will have to be chosen appro-
priately to ensure that the Coulomb branch moduli space has a metric with some
of the Bi(X) (3.1) other than e(X) non-zero.
3. Finally, in order to have a well defined counting problem on the SW side, one
would like the moduli space to be compact. In practice this can be established
most readily if an analogue of the Weitzenbo¨ck argument of [4] can be used to
bound the norm of the spinors and the gauge field strenghts in terms of the scalar
curvature of the 3-manifold. This, together with an argument about reducible
solutions, is sufficient to establish compactness of the moduli space.
One Abelian Seiberg-Witten system that might be of interest is that obtained from the
twist of the N = 4 supersymmetric U(1)r theory with r, appropriately charged, massless
hypermultiplets studied e.g. in [30, 31]. The Coulomb branch of these theories is a
multi-dimensional version of the Taub-NUT metric first obtained in [32] as a particular
SU(r + 2) monopole moduli space.
The corresponding SW equations are special cases of a more general system of equations
for gauge group U(1)r coupled to r charged hypermultiplets. These equations are, with
i, j = 1, . . . , r,
F iµν = −
i
2
∑
j
(
M jσµνMj
)
Eji (3.6)
D/ (
∑
j
EijAj)Mi = 0 (no sum over i) (3.7)
where the Eij are the j-th charges of the i-th monopole. Under suitable conditions on
the charge matrix Eij it is possible to establish bounds on the norms of the Mi and F
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using the Weitzenbo¨ck arguments of [4]. For example, for r = 2 we find that a sufficient
condition is
detE 6= 0 . (3.8)
Moreover, it is still true that there are no non-trivial solutions to the equations if M
admits a metric with scalar curvature R > 0, just as for the U(1) SW equations. To
establish that these equations are not equivalent to a pair of uncoupled SW equations,
and hence really probe the higher order RW invariants, it is e.g. sufficient to show that
the integral of TrR4X , RX the Riemann curvature two-form of the Coulomb branch
moduli space X, is non-zero. We will describe these and other aspects of the problem
in [33].
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